Wake and Mixing Layer

1 Wake

1.1 Overview

In fluid dynamics, a "wake” refers to the region of disturbed flow (often turbulent)
downstream of a solid body moving through a fluid (liquid or gas). The wake is caused
by the body obstructing the fluid flow. This obstruction creates a trail of turbulence,
decreased pressure, and fluid velocity variation.

Figure 1: Wake.

1.2 Boundary Conditions
1. At y =0, u(z,y) is minimum

du

dy
3. At y = +oo,u = U, = const

2. Aty =0, = 0,v = 0 by symmetric
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1.3 Governing Equations

Start from general free shear flow equations:

ou Ov
dr " dy
ou ou 0?u
u% + va—y =V 250y
Define u;(x,y) as the velocity deficit, then:

=0

u (z,y) = U — u(z.y)

duq ou 0%u
_|_

Let Ug denote max velocity deficit (at centerline): this is also a
measure of change of velocity inside the flow.

At some long distance (¢) downstream: may expect Uy, — u; ~ U
Estimate O.M of terms in equation above: respectively
UxUs  Ugo Us Us
A BT

where Ug decreases with x, while ¢ increases with x. But since

Uy > Ug, the first convective term is much larger than the second.
Hence equation simplifies to

duy 0%uy
Use or Oy?

Looks like equation for “Stokes first problem” before, if we define
t = x/Us. But BC’s different, so solution is different.
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Similarity Solution

Assume a similarity solution for velocity defect, of the form

w(z,y) = fn. of ——
Us) ™ 5a)

Here 9§ is a diffusive length scale. By dimensional arguments
d(x) =2Vt = 2\/vzx /Uy
(factor of 2 being for mathematical convenience later)

Momentum conservation

The momentum deficit in the wake per unit span is

F:p/ u(Ux—u)dy%pUOC/ uy dy

oo —0Q

“No external forces” implies F' is independent of . Hence
Us(x)d(x) o 2°
ie. Uyz)/Uy = Bax'/?
where B (of dimensions [L]'/?) is to be determined.

Form of the velocity profile

BU,,
m=—7 g(n) ; where n=

Y
2v/ve/Usx

Use chain rule to transform the velocity deficit equation:

g +2ng +g)=0

= ¢"+(2ng9) =0
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Integrating, using BC at n =0
g =—2ng = g = exp(—1°)

L.e. U = —BUxe 4—y2
Le. up = e Xp wz/Un

Use integral constraint to determine B:

In our far-field approximation,

F = ono/ uy dy

o0

_ BUZ [* —y? p
B p\/f 7ocexp dve /Uy :

BU2 [

2 vr
P e _Ocexp( 77) dn (2 Uoc-)
— 2pBUZ /é‘é: [erf(oo) — erf(—oo)]

iw’
= 2pULB,| —
p o0 UQC

Here F' is the drag force per unit span. For a body of length L the
drag coefficient (Cy, in 2D flow) is defined such that

F=CqipUlL
Equating these two formulas for F' gives

2B\/mv Uy = Cy 3L

We can write B in terms of the drag coefficient and Reynolds number

B
B _ Capap

VL ATt
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With B expressed in terms of L, C; and Rey, per the last equation
on the last page, we can substitute in the expression uy = .....
[t is best to re-arrange in a non-dimensional form:

() Cq 12 (212 —?

W O g (YR (0

Usw 4T L vz /Uy
We recover Ug at y = 0. We have 3 basic dimensions (M,L,T) and
8 variables: u;, Uy, @, y. L, v, F', p. The Buckingham-7 theorem
says to have 8-3=5 non-dimensional groups:

ul/UOO7 Od: ReL: x/L‘ n

The velocity (defect) profile is “bell-shaped” (sometimes called Gaus-
sian). This formula has a singularity at x = 0: not a concern though,
since have assumed “far downstream”.

Additional Physical Comments

1. Higher viscosity implies lower Rej overall: less velocity defect
since viscous diffusion is more complete.

2. Half width: value of y where u;/Ug is 0.5. i.e. exp(...) = 0.5.

3. Reynolds number Ug(z)d(x)/v = const. No tendency for transi-
tion to turbulence downstream.

Wake behind immersed flat plate

It Blasius solution applies:
Cy=2(1.328)Re; '/

(Factor of 2 applied since plate is wetted on both sides.)

2 Mixing Layer

2.1 Overview

In fluid dynamics, the mixing layer is a type of shear flow which occurs when two
parallel streams of fluid flow at different velocities. The difference in velocities at the
two layers generates a shear stress and, through viscous effects, triggers instabilities
that cause the two layers to mix together. This process is important in a variety of
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physical phenomena, from meteorological patterns in the atmosphere to flow in rivers
and oceans, to the spread of pollutants, and in industrial applications.

— >
L Sy,
2¢
p U2 y (or r)

Figure 2: Mixing Layers.

2.2 Boundary Conditions
l.y—=4oco:u—u,v—0
2.y = 4o0:u— ug,v—0

3.
u(07) = u(07)
y=0:<v(0")=v(07)

p58 o+ = ngto-
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