ODE and PDE

1 Overview

An ODE (ordinary differential equations) is an equation involving a function of a
single independent variable and its derivatives. A PDE (partial differential equa-
tions) is an equation involving a function of multiple independent variables and its

partial derivatives.

2 Solutions of ODEs

2.1 Euler’s method (Forward Euler)
2.1.1 Derivation

Suppose we have the following equations:

dx
a f(z)
r = x(t)
Recall the Taylor Expansion:
F) ~ f(a0) + (o) — o) + L ;"’0) (o= a0)? 4+ 3(!“”(” (x — @)’ + -+
Now replace f by x, z by t + h, z¢ by t:
d
2t +h) = x(t) +h- d—f +O(h?)

Therefore, for small h:

dr  x(t+h)—x(t)
dt h

()

The local error is O(h?), and the accumulated error over N = 1 steps will be O(h),

so this method is 1st order approx. Now assume the input as:

to,tl, ...,tn e x(to)

And the output as (use hat to represent prediction):

1

(6)
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i‘l, ...,:ﬁ'n . 5;3]@ = x(tk)

Here, k is defined from 0 to n — 1, so we have:
hg =ty — Uk
Tpy1 = Tp + by - f(Tr)

2.1.2 Error Analysis

To judge whether this solution is good, we need to perform error analysis. The error

consists of 3 parts:

¢ Rounding Error: the real values are stored using a finite number of digits, so
the floating point arithmetic is not exact. This will affect discretization limits.

e Local Error: the difference between exact solution x; and the computed solution

Zr. Recall that for Euler’s method, we have:

Tpr1 = T + hi - f(Tg)

Now we assume I}, is exact, so that z, = x;, then we have:

Tpe1 = o + hy - fag)

Thy1 — Tpp1 = Ty — T — hif(xg)

= hefa) + 00 L) py oy
G

e Global Error: also start from Taylor’s theorem, we have:

df (wy)

Tri1 — 1 = hif (7)) + O(;, 7 )

and Euler’s method:

(10)

(11)

(12)

ik—i—l = I+ hy - f(.CIAZk) (13)
Therefore we have:
A A ¢ df (zy,
Thi1 — Tep1 = Tk — Bk + P (fx — fr) + O(R] Elt )) (14)
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Recall the mean value theorem:

f(b)— fla) df
b—a  dx e (15)
So that we have:
. . d . df (z
Tl — Thtl = Tk — Tp + hy. % . . (wk — xk) + O(hz fc(itk)) (16)
. d . df (z
v~ = (0 he Ty g+ 0Ty g

Here:

L (14 hy %}w:c) is the amplification factor. Amplification occurs if |(1 +
R, %L:C)\ > 1. If so, we say the algorithm is unstable, because error tends
to magnify. However, the algorithm will be stable if —2 < hy, % e <0

2. O(hi%) is the local error.

3. x — Iy is the global error at t;.

4. xpyq1 — Tiy1 is the global error at ¢4, ;.

For a 2D system, D, f = % will be a Jacobian matrix, and stability will depend
on eigenvalues of I 4+ hyJ having a modulus < 1. The modulus of eigenvalues
refers to the absolute value or magnitude of the eigenvalues.

2.2 Backward Euler Method

The expression of backward Euler method is shown below:

Tpr1 = T + hif(Trt1) (18)

Now we do the error analysis. Recall the classical taylor expansion, replace f by =z,
x by t, xg by t + h, then:

o(t) = (i + 1)~ b | O() 19)

Therefore, this algorithm is first order accurate, with O(h?) as local error. With
this, we can write the true solution as:

Thi1 = Tk + hifrp1 + O(h) (20)

Therefore, the global error could be expressed as:

Tha) — Epe1 = g — T + p(fror — fre1) + O(h}) (21)
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Similarly, using mean value theorem:

. . d .
Tpy1 — Tpy1 = T — Tp + Iy % (Tpa1 — Tp) FO(RF)  (22)
df . . 2
(1— hy, . @1 — Th) = 2 — T + O(hy) (23)

The amplification factor analysis is the same as Euler method. The algorithm is
unstable when |(1 — hg % )| > 1, that’s when hy, %L::c < 0 or hy %}x:c > 2

Tr=cC

2.3 Second-Order Runge-Kutta Method (Midpoint Method)
2.3.1 Definition

Assume an ODE as % = f(¢,y), with initial condition y(ty) = yo and a step size h.
Then, forn =0,1,2,...:

1. Calculate ky = hf(tn, Yn)-

2. Calculate ¢ = Qn+% =Y, + %kl
3. Calculate ky = hf(t, + %, Umid)
4. Update ¥p11 = yn + /%2

5. Update t,.1 =1, +h

2.3.2 Second Order Proof

For each step of the algorithm:

1. Based on the definition of f (here, we assume y, is exact, so k; is also exact):

k= hf(tm yn) = hyl(tn) (24)

2. Now plug this into the midpoint expression:

X X h
Ymid = Gnss = Yo + 59 (t) (25)
Recall the taylor expansion, the exact value is (this may not be used, just
showing):
1 h dy
= y(t, + =h) = y(t —. 2 4+ O(h? 2
yn+% y(n+2) y(n)+2 dt+ ( ) (26)
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3. The calculated ks could be expressed as:

. h h h
ky = hf(tn + 57 ymid) = f(tn + 57 Yn + Ey/(tn» (27)

Because f is a function of both y and ¢, the approximation will be:

b Do — e 4 1O O
Ftn + ia) = () + 5 £t ) =¥ 02) + 5 50+ o/ (0)) (25)
Therefore:
- h,of Of
ko = hly'(t,) + = (= + =/(¢ 29
2 = Ay (t) + 5 (5, é)yy(n))] (29)
4. Finally, the calculated y,,11:
) ) h af  of
Yn+1 = Yn + ko = Yn + hy,(tn) + E(E + a_yy,(tn)) (30)
Recall the taylor expansion of y, we have:
/ h "
Yntr = Y(tn+ 1) = y(bn) + My (ta) + 5" (1) + O(F°) (31)
Notice that:
f(tna yn) = y/(tn> (32)
So we have:
of  of
" /
ty,) = — + —y (tn 33
yt) = 5 5" (tn) (33)
Therefore, the local truncation error of RK2 method is (at each step):
Yor1 = Gner = O(1) (34)
And the global truncation error which is accumulated over N = % steps will be

O(h?). Therefore, RK2 method is in second-order.
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3 Macroscopic Models of Traffic Flow (PDE)

3.1 Overview

|:> _-+i-_ -_@>-+.- = |:>
fay s fib,y)
[——— 2 i ’
v(a,t) p(x,t) =§h0
- - T
a b b

Fig. 7.1 Liquidization of vehicles

Figure 1: Traffic Flow

In this problem, we want to use PDE system with respect to space (z) and time ()
to model the traffic flow. Some basic definitions include:

e v(x,t) : speed of vehicles at (z,t), with unit as [distance]/[time]
e p(x,t) : density of vehicles, with unit as [#cars|/[distance]
o f(z,t) : traffic flow, with unit as [#cars]/[time]

Let pmae be the bumper-to-bumper traffic density and v,,4,, then we have:
0< P(xa t) < Pmazx (35)
0 <v(,t) < Vg (36)

3.2 Model 0: Homogeneous Flow

Assume there is no dependence on (z,t), then we have:

plx,t) = p, v(x,t) =0, f(z,t)=f (37)

And assume the final time as 7, so the total number of cars will be:
[#cars] [dist]
[dist]  [time]

So the number of cars passing a point at 7 will be:

H#Hcars = - time = poT (38)

=7 (39)
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3.3 Model 1: Speed Depends on Density

Based on intuition, if there are more cars, the speed will decrease. In other words,
p — 0 when v = Ve and p — pPpae When v — 0. Assume this relation is linear then:

vp = Umaz(l - P ) (40)
pmaac
Ay
s
Nor T
+ > F
(o
Figure 2: Linear Relation
So the traffic low will be:
) = _ [P
f - f(p) =p- U(ﬂ) - vmaxp( - ) (41)
max
In order to simplify the model, we could use non-dimensional form:
~ p
p= (42)
pmam
: f
f= (43)
pmaxvmax
Then change the previous expression to:
pmaxUmaXf - Umaxpmaxia(l - ﬁ) (44)
f(p) =p(l—p) (45)
Now we can define the non-dimensional v as:
U= f =1-p (46)
P
Therefore, the max flow occurs when p = %, and so
A1 1
== 47
i) =1 ()
v
f S pmal’ max (48)
4
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3.4 Model 2: Inhomogeneous Flow

In this model, density varies in space p = p(x,t). Let n(t) be the number of cars
between x = a and x = b at time t, then:

dn b 0p
E —/a adﬂ? (49)

Also assume no on/off ramps, so no cars are lost. Then the change in n(t) is also
the difference in flow at the endpoints:

dn "of
%_f(aat)_f(bat)__ a%x (50)
Combine these two equations we have:
dn bop Of
E—/a(§+%)d$—0 (51)

Because this equation should fit the general case, so must be true for all a,b,t, so
we could get the continuity equation:

0 0
°e + ) =0 (52)
ot Oz
Assume drivers react instantaneously to changes in density, so:
f=1p) (53)

4 Solutions of PDEs

4.1 Discretization

First we need to discretize space and time uniformly:

x; €4{0,1,2l,...} (54)
t; €{0,h,2h,...} (55)

4.2 First Order Forward Finite Difference Approximation (Up-
wind)
4.2.1 Definition

The first order forward finite difference approximation could (also called upwind
method) be expressed as:

of ~ fla+1t)— f(z,t)  f(zig,ty) — f(xi,t;) (56)

ox l l
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op plx,t+h)—p(x,t)  p(zsti) — plog,t;)

~ = o7
ot h h (57)
Here, we define:
fig = f@i,ty), pij = plzi,t;) (58)
Therefore, the continuity equation could be expressed as:
pZ,]+1 T pl,j + f’L—f—l,] B fia] — O (59)
h [
And the logistic flow model could be expressed as:
p.7 .
fij = Vmazpij(1 — —5) (60)
pmax
Now plug the logistic flow model into the continuity equation:
Pij+1 — Pij | Vmax Pit1,j Pij
i1 (1 — —pii |l 1——= 61
o {pﬂ’]( pmax) p’]( pmax)} e
Rearrange, we could get the density solution:
h Pi+1,j Pij
Piit1 = Pij ~ 7 Vmax [,Oi+1,j (1 - pTan —pij|1— PT:X (62)
4.2.2 Accuracy and Stability Analysis
Rearrange the continuity equation, we get:
dp  Of  dfdp (63)
ot ox dp Oz
If we consider a simpler, linear system (p as u):
ou ou (64)
—_— = C—
ot Ox
Here we define:
u=u(z,t), up(r)=u(z,0) (65)
Assume the traveling wave moving at velocity ¢, then:
u(z,t) = up(x + ct) (66)
This could be proved. Assume y = x + ct, then:
ou 0 dug dy dug
— = —u(r+ct) = — 2 =c— (67)
at ot dY |ympyer OF AY |yt
d 0 d 0 d
c—u:c—uo(x—i-ct):cﬂ T (68)
dCL’ aZL’ dy y:x+ct 8I dy y:erct
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By intuition, the stability depends on time step (h), spatial step (s) and wave speed
(c). Consider the true solution at some point x, then after j time steps, it moves a
distance cjh. For stability, we need to ensure that information does not travel
more than one spatial grid cell in one time step. In math:

cjh < js (69)
h

c— <1 (70)
5

Here we define ¢2 as the CFL (Courant-Friedrichs-Lewy) number, or Courant
number. This is a necessary condition for stability, but not sufficient condition.
Now for accuracy, we first rewrite the simplified wave equation:

u(z,t+h) —u(z,t) u(z + s,t) —u(x,t)

=c (71)
h S
Recall the taylor expansion:
ou  h%0%u 5
u(z,t+h) =u(z,t) + ha toaezt O(h?) (72)

ou  s20%u

. e 2 3
u(x + s,t) = u(z,t) + So-t et O(h’) (73)
Plug these into the wave equation, we have:
ou  hd*u 9 ou  csdu 5
_ __ — ___ 4
8t+28t2+0(h) Cax+23x2+0<8> (74)

Notice that 2% = ¢2%, so the first different terms are O(h) and O(s), and the
truncation error terms are O(h?) and O(s?). After integration over steps, we know that
this method is first order accurate in h and s.

From the wave equation, we also know that:

0*u 0*u dou 0%

o2~ otor ~ “orot C ox° (75)
Therefore, when:
h 0%u B he? 0% _cs 0%u (76)
2012 2 022 2 Ox?
or in other words:
s =ch (77)

the first different terms will be O(h?) and O(s?), then accuracy would be second
order.
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4.3 Second Order Forward Finite Difference Approximation
(Lax-Wendroff Method)

4.3.1 Definition

After investigation of first order method, now we want to improve the accuracy to
second order. The expression is:
Uij+1 — Uiy Uit1,j — Ui—1,5 ohtiv1j —2u;; + uiq

h =C 95 +c 5 52 (78)

4.3.2 Accuracy Analysis
Recall the Taylor expansion in first order method:
Ui,j—|—1 — ui,j o (9u i h@Qu
h ot 2 0t?
For the spatial derivative, we define (g is only a function of z, u is a function of z
and ¢, will change g back to u):

+ O(h?) (79)

_ B dg s>d’g 3

(a): gz +s)=g(x)+ ST + E_da:? + O(s”) (80)
_ B dg s*>d%g

(b) : gla —5) = gla) = 527 + =5 4+ O(s") (51)

Therefore, we have:

g(r +5s) —glx —s) d9+0( )

2s dx (82)
2 d%g 3
9z + ) + gz — s) = 2g(2) + 5"~ 5 + O(s") (83)
glz +s) —2g(z) + g(x —s) _d’g
= =3 + O(s) (84)
Also recall the first order method:
0%u 282 o5
o~ o2 (85)
Change g back to u, we have:
du o .. Ou L 8%u
§+§8t2 O(h ) —0%4—0( ) 5@4—0(}18) (86)
du  Ou 5 9
ik + O(h” + 5° + hs) (87)

Because the first different terms are O(h?) and O(s?), so this method is second order
accuracy.
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4.3.3 Stability Analysis

Recall that in ODE stability analysis, for Euler method we have:

d df (z
Trr1 — T = (1 + Iy, & ) — k) + O(h] flzw)
dx dt
Before, we define (1 + hy, % ._.) as the amplification factor. In von Neumann
stability analysis, this is defined as growth factor. Because here the growth factor is
derived from the numerical scheme, so it is denoted as G. Define T — Ty as Ay, because
of the existence of local error, we have the following relationship:

) (88)

Ir=C

A1 SGAL < GPA, < -+ < GPA (89)
To get converging solution, we want the error at each step is decreasing or at least
staying the same. Therefore we want |G| < 1 for stability.
Now recall the PDE wave function, do the Fourier transfer, we have:

up(z) = e (90)

u(x,t) — uo(x + Ct) — ei)\(:p+ct) _ ei)\ct . ei)\z — ei)\ct . uo(:c) (91)

Here, we define the exact growth factor (not from numerical scheme) G' =
et The actual growth factor G will depend on the numerical method we choose.
Take upwind method as an example. Assume the CFL number as r = %, then:

u(z,t+h) =u(z,t) +ru(z+s,t) —u(z, t)] (92)
w(z,t+h) =1 —r)u(z,t)+ru(x + s,t) (93)
Similarly, assume u(z,0) = ¢***, so after one time step h:
u(z, h) = (1 — 1) 4 reats) (94)
w(z, h) = (1 — r 4 re*)e” (95)
Therefore we could define the actual growth factor as:
G=1—r+re" (96)
Expand the exponential term:
G=(1—r)+7r+7r(iXs) +r(ixs)?/2+ - (97)
G=1+ilrs+r(irs)?/2+--- (98)

And the exact growth factor at the first time step will be:

G _ ei)\ch _ ei)\rs (99)
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Also expand the exponential term:
(idrs)? N
2

From the observation, when r = r? = 1, or unit CFL number, we have G~ G. And
for upwind method, G matches with G in first order. For Lax-Wendroff method, we
have:

G=1+1iA\rs+

(100)

A 1 : 1 ,
G=(1-7r")+ 5(7“2 +r)e 4 5(7“2 —r)e A (101)
Expand the exponential term:
G =1+ 71(iXs) + r2(iXs)? /2 + O((\s)?) (102)
Therefore, this G matches G in second order.
4.4 Diffusion Process Growth Factor
Assume a simple diffusion model:
ou  ,0%
T2 1
ot~ o2 (103)
Assume a general solution:
u(z,t) = G(t)e™ (104)
Therefore:
ou dG
7 T i 1
or — dt* (105)
Ju . .
— = G(t) - (i\) exp(iAx) (106)
Ox
0%u 9 .
ke —A*G(t) exp(idx) (107)
Rearrange the equations, we have:
dG 9
= 1
o (cN)°G (108)
G ~ exp(—c?\?t) (109)
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5 Numerical Method (PDE) Summary

5.1 Overview

Before the start of summary, several definitions need to be clarified.

1. Explicit: explicit methods compute the solution at the next time step directly
from the known information at the current time step. They do not require solving
any linear or nonlinear system of equations.

2. Implicit: implicit methods compute the solution at the next time step by solving
an equation that involves both the current and the next time steps. This
generally requires solving a system of linear or nonlinear equations.

3. Conditionally Stable: stability depends on the choice of the time step At and
spatial step Az. The method is stable only if these parameters satisfy certain
conditions or constraints.

4. Unconditionally Stable: the method is stable for any choice of the time step
At and spatial step Ax.

For the following method, we use heat equation as the example if no specification:

ou 0*u
E = Of@ (110)

5.2 Forward Euler Method (Forward Time Centered Space,
FTCS)

5.2.1 Definition

Time derivative discretization:

o~ ) (111)
Space derivative discretization:

2 n _ n n

dx2 " (Az)?

(112)

Solution:
— 2 n + n

(Ax)?

un
i+1
ut = u? + aAt—2

; (113)
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5.2.2 Analysis

Because the solution does not contain the next time steps variable, so this method
is explicit. This method is conditionally stable, for the heat equation, the stability
criterion is:

Ax)?
At < ( 2&) (114)
5.3 Backward Euler Method
5.3.1 Definition
Time derivative discretization:
n+1 n
Ou 1 4 (115)
ot At
Space derivative discretization:
2 n+l n+1 n+1
0*u - uily —2ui Fugly 16)
Oz? (Az)?
Solution:
utt =l 4+ aA- J -1 (117)

(Az)*

5.3.2 Analysis

This method takes the next time step variable, so it is implicit. This method is
unconditionally stable.

5.4 Upwind Solution
5.4.1 Definition

Upwind method is commonly used for solving hyperbolic PDE. Consider the 1D
linear advection equation:

@—l—cﬁ—u—O 118
ot or (118)

Here c is the wave speed, which could be positive or negative. The time derivative
discretization is:

n+1 )
ou Y (0

ot~ At

When ¢ > 0, the space discretization will use the backward difference:

(119)
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8u Uj — uj_l
% ~ —AJU (120)
And the solution will be:
cAt
u?“ = uj — A—x(u’; —uj_q) (121)

When ¢ < 0, the space discretization will use forward difference:

ou Ujt1 — Uy
or " Ar (122)
And the solution will be:
+1 cAt
uit =y — E(u;ﬂrl — uy) (123)

5.4.2 Analysis
This method is explicit and conditionally stable. The stability criterion is typi-

cally given by the CFL condition:
cAt
(124)

— | <1
| Az | o
5.5 Lax-Wendroff Method

5.5.1 Definition
Lax-Wendroff method is also commonly used for solving hyperbolic PDE. Consider

the 1D linear advection equation:

Ou + Ou 0 (125)
PR cC— =
ot Ox
First we do the Taylor expansion of v in time around t™:
ou" A2 0*u?
' = At—L 4 L oAt 126
;Ey A T e OB (126)
Recall the previous chapter, we have:
ou ou (127)
= —C—
ot ox
Pu 0% (128)
— =" —
ot? Ox?

So the expansion now becomes:

16
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ou  AA2 0
n+tl _ o n __ J J 3
ui" =i — cAt R + O(At) (129)

Now approximate the first and second spatial derivatives using central differences:

ou U — Uy
or 2Ax (130)
(92%? ujy — 2uf +uf a1
oz (Ax)? (131)
The final solution will be:
2 2
b cAt At
u? = UJ? — E(uyﬂ — U;-L_l) —|— m(u;ﬂ&_l — QU? —|— U;-L_l) (132)

5.5.2 Analysis

This method is explicit and conditionally stable. The stability criterion is given
by the CFL condition:

cAt

RS (133)
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